A hygromechanical model has been developed to simulate the in-service behaviour of the natural lacquer urushi, using a phenomenological description of viscoelasticity. The material and mechanical properties were determined as a function of the relative humidity (RH), and the relationship between RH and moisture content was determined. These properties served as inputs to a finite-element-based model that was then tested against experimental measurements of the depth-averaged stresses in a thin layer of urushi deposited on a substrate and exposed to changes in the environmental conditions. Good agreement was seen between the predicted and measured behaviour. The validated model was used to investigate the spatial and temperature variation of stress in urushi films subjected to cyclic environmental conditioning.
Introduction
Urushi is a complex natural polymeric material obtained from the sap of the tree, Rhus verniciflua, which, when cured, provides a hard, durable and aesthetically pleasing coating for delicate objects (Taguchi et al. 2007 ). These properties have led to the use of urushi in the coating of furniture and small decorative items in East Asia for hundreds of years (McSharry et al. 2007 ). However, exposure to environmental conditions such as varying humidity and temperature and long-term exposure to ultraviolet (UV) radiation leads to ageing-related damage (Liu et al. 2010 (Liu et al. , 2011 ). An example of this was seen on the object known as the Mazarin Chest, which showed distinct signs of lacquer damage before its recent restoration (Bratasz et al. 2008) . When considering the conservation of such an object, questions arise regarding the suitability of treatments, and surprisingly, there has been little scientific exploration of this up to now. A need arises, therefore, to explore the material properties, the environmental conditions, their interaction and the consequences for the conservation of important cultural objects.
A number of studies of urushi have shown that it is largely viscoelastic (Ogawa et al. 1998a) and have demonstrated some of the effects of both humidity and UV exposure on its behaviour (Ogawa et al. 1998a; Obataya et al. 2002) . One study observed the effect of high relative humidity (RH) on delamination (Ogawa et al. 1998a) , and Obataya et al. (2001) showed that moisture content significantly affects the viscoelastic properties of urushi. Ogawa et al. (1998b) investigated the effect of exposing East Asian lacquer films to UV and showed that hardness and elastic modulus increased with exposure time, whereas the tensile strength and the elongation at break decreased. They proposed that the increased hardness was related to a cross-linking reaction involving the enzyme laccase. Rivers (2003) explored the effect of exposure to UV radiation on the surface appearance of urushi and noted how the lacquer fades and becomes dull as light breaks down the molecular structure.
Recently, Elmahdy et al. (2011) were able to measure the stresses in a thin layer of urushi as it responded to changes in moisture. They considered the behaviour of a layer of urushi deposited onto a small disc, which was then placed within a chamber with controlled temperature and humidity. This sample was then subjected to a rapid change in environmental humidity and the curvature induced in the sample measured and related to the stress developed in the urushi layer. The measurements were conducted using phase-shifting interferometry, a powerful technique for measuring small whole-field displacements developed in a range of complex materials, such as composites (Ruiz et al. 2006) , biological (Yang et al. 2007) , foodstuffs (Saleem et al. 2003 (Saleem et al. , 2005 and polymers (Morita et al. 2008) . In this case, Elmahdy et al. (2011) measured the out-of-plane displacements, and through an extension of Stoney's equation (Stoney 1909; Atkinson 1997) , observed the evolution of stresses as moisture was removed. This experiment presents an ideal system for validating any proposed model, because the observed behaviour will depend upon the precise details of the constitutive relationships for hygroscopic transport, the rheological model and their coupling.
Modelling of the observed urushi behaviour has been limited to date. Ogawa & Kamei (2000) used the finite element method to explore the effect of moisture on fracture, but limited themselves to an assumption of elastic material properties. However, it has been conclusively demonstrated that viscoelasticity in urushi is not only non-negligible, but that the viscoelastic response is also strongly influenced by both moisture content and ageing (Bratasz et al. 2008; Liu et al. 2010 Liu et al. , 2011 Elmahdy et al. 2011) . This study aims to address this lack of a validated viscoelastic model and its coupling to the ingress and transport of moisture in urushi. Section 2 of this study will introduce the proposed model, §3 will discuss the experimental methodology required to identify the relevant constitutive relationships, their form and values. In §4, a solution methodology for the model will be obtained, and then in §5, this will be validated against the results of Elmahdy et al. (2011) and the internal mechanics discussed.
A model for a thin layer of urushi
When used for protective purposes, a thin layer of urushi lacquer is cured on the surface of a substrate, usually wood. The resultant stresses developed in the urushi are a result of competition between response to environmental changes (e.g. thermal expansion, hygroscopic expansion or volume and material property changes owing to ageing) and the constraint of the substrate (which itself might deform in some manner), as shown in figure 1. In equilibrium, the spatial variation of stresses in a thin layer can be approximated as vs x vx + vs xy vy = 0 (2.1) and
where s x and s y are normal stress components in the x and y directions, respectively, and s xy is the shear stress. In order to solve these equations, constitutive relations that relate the strain to stress must be prescribed. These can be quite general, and in the case of polymeric materials, are often time-dependent, such that the stress is given by
where the exact functional relationship needs to be determined. Polymeric materials are usually able to absorb moisture, and will change dimensions accordingly. In this case, the hygroscopic strain developed as a function of this moisture ingress is given by 3 h = bC , (2.4) where 3 h , b and C are the hygroscopic strain, coefficient of hygroscopic strain and moisture concentration, respectively, where b needs to be determined experimentally. Finally, boundary conditions that constrain the system need to be specified and these are problem-specific.
Because the moisture can directly affect the strain in the material, a stress analysis will need to be coupled with a model of the moisture absorption and diffusion. In general, diffusion is described by a combination of a continuity equation
where 4, f and t are density of diffusing material, flux and time, respectively, and a diffusive constitutive law,
where D is diffusion coefficient. It can be seen, therefore, that in order to develop a model for the development of stresses in urushi that are a consequence of environmental changes, a hygro-mechanical definition of material is required.
Material properties (a) Identification of the material rheology
In order to characterize the behaviour of urushi, a procedure for producing films in a controlled manner was developed, enabling reproduction and testing of their mechanical, hygroscopic and absorption behaviour. The first step was to filter any impurities from the liquid urushi. Kijiro urushi (Wantanabe Syoten Co., Japan) was squeezed through rayon paper in a replication of a traditional Japanese filtering technique (Rivers 2003) . This was repeated seven times. The material was then deposited onto a substrate of the required size and allowed to cure at 75 ± 1% RH and 23 ± 2
• C. A series of mechanical tests was conducted to identify the characteristic rheological properties, including constant displacement rate tests and creep and recovery tests at different RHs. Film samples were prepared using the methodology described earlier and cut into rectangular strips of 60 × 5 mm in size. The thickness of each strip was measured using a Mitutoyo digital micrometer, accurate to 1 mm and found to be in a range between 60 and 100 mm. The humidity was monitored and either increased or decreased using a controller connected to a combination of a wet, blown air system and a dessicant to absorb excess moisture (figure 2). The temperature was maintained at 23
• C using a heating element. The mechanical tests were performed using an Instron universal testing machine 5569 with a 100 N load cell at RHs of 30, 50 and 75 per cent. Prior to each test, the films were kept for one week under constant RH (30, 50 and 75%) to ensure that equilibrium had been reached (Liu et al. 2011 (Liu et al. , 2012 . Uniaxial loading at a constant displacement rate (0.002 mm min −1 ) was performed for urushi samples saturated under different RHs to obtain estimates of the tensile strength, elastic modulus and fracture strain (table 1). The stressstrain plots in figure 3 show that as the humidity is increased, the elastic region and modulus reduce and the fracture strain increases, which is consistent with the ingressed moisture acting as a plasticizer (Zhang et al. 2002) . Creep and recovery tests were performed at a range of humidities and constant stresses (30, 50, 60 and 70% of their tensile strength at break) by applying a constant load and recording the subsequent deformation as a function of time. After 12 h, the load was removed and a 12 h recovery observed. Figure 4a -c shows the observed behaviour for different humidities. This behaviour is typical for a viscoelastic response: a rapid increase in strain, followed by a reduction in strain rate to a constant, but non-zero value and an instantaneous recovery followed by a relaxation to an asymptotic, non-zero strain.
A previous analysis of urushi showed that it can be modelled using a modified generalized Kelvin fluid (MGKF) model composed of nonlinear Maxwell and multiple Kelvin units connected in series, as shown in figure 5 (Liu et al. 2011) . Figure 5 . A modification of Burgers model to form a generalized Kelvin fluid model (Liu et al. 2011) , where the slash indicates nonlinearity. It was shown that this was able to capture reasonably well all the components of the creep behaviour of urushi. Mathematically, the uniaxial behaviour for the creep and recovery strains (3 c and 3 r ) are given by (Liu et al. 2011) :
where t 0 is the time when the load is applied, t 1 is the time when the load is removed, m, l, t i (i ≥ 1), m and n are rheological parameters and s c and s r are the stresses during creep and recovery, respectively. Parameter s 0 is the magnitude of the reduction of the applied stress, and is equal to the difference between s c and s r . These parameters were determined employing a nonlinear regression analysis using Matlab (Lagarias et al. 1998) . A number of values of N were used in equations (3.1) and (3.2), but no significant improvement in fitting to the data was obtained for N > 2. The rheological parameters for each humidity are shown in table 2. Because the behaviour for each term in equations (3.1) and (3.2) is controlled by more than one parameter, interpretation is difficult. To facilitate characterization, these parameters were translated into apparent quantities similar to the more familiar Newtonian viscous and Hookian elastic coefficients, such that
These apparent quantities are plotted as a function of stress in figure 6 . This shows that firstly, the magnitude of all the parameters decreases as the stress is increased. Secondly, in each case, the magnitude decreases as the RH increases, indicating that as moisture is absorbed, there is a tendency for the resistance to deformation to reduce. To obtain the coefficient of hygroscopic expansion, b, the filtered urushi material was deposited onto 120 × 75 mm rectangular glass substrates using a spin coater calibrated to achieve samples of thickness of 0.06-0.08 mm . These films were then left to cure at a temperature of 23 ± 2
• C and RH of 75 ± 1% for three weeks. After curing, the films were removed from the glass substrate and cut into rectangular strips with lateral dimensions of 120 × 10 mm. These were then stored in a desiccator until the weight change was less than 0.1 per cent per week. The dry samples were marked and photographed, after which they were placed into sealed containers with a range of RHs, controlled by the salt solutions presented in table 3. Once saturation had been achieved, the sample was photographed once again, and the change in the sample dimensions measured. This was repeated for a number of RHs to identify any variance in b with moisture content. Figure 7 shows that there is an approximately linear relationship between hygroscopic strain and moisture content, including a moisture-content-independent coefficient of hygroscopic expansion, which, in this case, was 0.0027 (wt%) −1 .
(c) Diffusion
The rate of moisture absorption was characterized by gravimetric tests in which the mass of a sample was monitored as a function of time following a change in RH. A digital balance HA180 (A&D Instruments Ltd) with a precision of 0.1 mg was used for all the weight measurements. Three samples of dimensions 70 × 50 mm were prepared. Each of the samples has a uniform thickness of 0.06-0.08 mm. Samples were allowed to reach a uniform moisture distribution by storing them in a curing chamber at 30 per cent RH, until there was no change in the mass of the sample. After that, the samples' environment was changed to 40, 50 and then to 60 per cent RH, where each humidity was maintained for 16 h and the samples' mass was observed every 30 min. Finally, the samples were dried at 100
• C for 27 h to remove the moisture, and the dry weight obtained. The time-dependent moisture content, M (t), is given by
where m t is the mass of the specimen at time t, and m dry is the mass of the dry specimen. The plotted points in figure 8 show the moisture content as a function of time for urushi film for various changes of RH. The main features are that the moisture gain increases with RH and that the curves appear to show Fickian diffusion (Crank 1975) . This suggests that an analysis of the data can be performed to extract the diffusion coefficient, D, using the equations of Fickian diffusive transport. Therefore, combining equation (2.5) with Fick's first law of diffusion in one dimension
where F is the mass flux of moisture, C is the concentration of moisture, x is the space coordinate measured normal to the section and D is a spatially and concentration-independent diffusion coefficient, leading to Fick's Second Law
For a case of a semi-infinite plane sheet diffusion problem with a thickness of t f , the initial condition can be defined as
where C 0 is the initial concentration. If the sheet is exposed to an environment with a different moisture concentration, the boundary conditions are C (x, t) = C s at x = 0 and x = t f at t > 0, (3.10)
where C s is the surface moisture concentration corresponding to the environmental RH. The solution of equation (3.8) for this case is well known (Crank 1975) :
Dt . Equation (3.11) can be integrated with respect to x to determine the total mass of the diffusing substance at any time, M (t):
where M (∞) is the mass at saturation. Equation (3.12) was used to perform a curve fitting to the experimental data (averaged moisture uptake data from experimental results of three samples for each absorption condition) shown in figure 8 . A satisfactory agreement was found and D for different RHs is shown in table 4. The absorption isotherm of water was modelled using the GuggenheimAnderson-de Boer (GAB) equation:
where a w is water activity, which is equal to RH/100, M m is the monolayer moisture content, and A and C are constants related to heat of sorption (Timmermann et al. 2001) . Figure 9 shows a good fit of equation (3.13) to the experimental data, with the fitted equation constants given in table 5. 
Model solution and results
A finite element model of Elmahdy's experiments ) was created using the commercial FE package ABAQUS (v. 6.9 and 6.10; Dassault Systems, Providence, RI, USA). The solution domain is shown in figure 10 . The axisymmetry of the problem enabled simplification of the disc system used in the experiments by applying axisymmetric boundary conditions along the central axis of the disc and modelling the slice of the disc illustrated in figure 10 using twodimensional axisymmetric elements. As seen in the figure, the disc is supported at its outer edge in the y-direction but allowed to translate freely in the x-direction. The mesh consisted of 17052, eight-node quadrilateral, elements, as illustrated in figure 11 . A semi-coupled hygro-mechanical analysis was performed using the ABAQUS Standard solver in which hygroscopic strains from a transient diffusion analysis were passed to the mechanical analysis at an incremental level.
In order to develop a multi-dimensional material model, the rheological model described by equation (3.1) was extended to multidimensional stress space. In this case, the multi-direction creep strain rate,3 c ij , was determined using an associated flow law (Dunne & Petrinic 2005) where3 c eq is a scalar value representing an equivalent creep strain rate, g is the flow potential that can be related to an equivalent stress function and i and j represent directions of the stress tensor. The equivalent creep strain rate at any time can then be calculated through a creep constitutive equation, the parameters of which can be determined through curve fitting to uniaxial creep tensile test data ( §3a). In this case, a flow law based on the von Mises equivalent stress was used, and equation (4.1) can then be written aṡ where S ij is the deviatoric stress tensor and s eq is the von Mises equivalent stress. This model was implemented in ABAQUS using a user-defined material model encoding equation (3.1). Recovery was neglected in this analysis, because for most in service conditions there is likely to be a positive stress leading to creep dominating the response. The boundary conditions in the bi-material disc model were such that the lower edge of the disc was only free to displace in a direction that was perpendicular to the disc's axis of symmetry. The moisture boundary conditions were a constant moisture content at the upper surface determined using equation (3.13) for the set environmental RH and zero flux at the interface between the lacquer and the substrate. Initially, the right-hand boundary was allowed to be permeable under the same conditions as the upper surface, but the depth-to-breadth ration was found to be sufficiently small that radial fluxes were insignificant and as a consequence, all the numerical experiments discussed in this study were performed with an impermeable sidewall. The values of the material properties were all specified from the experimentally determined parameters discussed in §3 of this study, and the boundary conditions were specified to replicate the experimental conditions for the bi-layer disc. Figure 12a-c shows the variation in the depth-averaged longitudinal stress, s xx , with time for the bi-material samples exposed to three different conditions: changing the RH from 75 per cent RH to 30 per cent RH, 36 per cent RH and 42 per cent RH, respectively. The plotted points indicate the experimental results, and the error bars show the standard error in the measurement. The initial behaviour of the urushi film following a reduction in humidity is a hygroscopic shrinkage, which is constrained by the substrate, resulting in a tensile in-plane stress developing in the film. It can be seen from figure 12a that the stress increases rapidly in the first few minutes, reaching a maximum value of approximately 11 MPa after approximately 8000 s. After this time, there is a gradual reduction in the stress. A second effect of the desorption of the moisture is that the viscoelastic properties of the urushi film change, as discussed in §3a, and this effect was also included in the model by having moisture-dependent Figure 15 . (a) Depth-averaged stress evolution of urushi film when a bi-material sample saturated under 75% RH experiences a sinusoidally varying humidity during 48 hours, with a peak to peak RH of 75 to 30%. (b) Depth-averaged stress evolution of urushi film when a bi-material sample saturated under 75% RH experiences a sinusoidally varying humidity during 48 hours, with a peak to peak RH of 75 to 50%.
properties in the mechanical analysis. Following the initial increase in film stress, there is a gradual reduction of the stress, which can be attributed to the relaxation of the material that arises as a result of its viscoelastic nature. The solid lines in figure 12 indicate the results from the semi-coupled hygro-stress model with the measured constitutive parameters discussed in §3. It can be seen that there is a close correspondence between the model predictions and the experimental results, with the model results lying within the bounds of the experimental error at all times. In particular, it can be seen that the model captures the rapid increase in depth-averaged stress during the early ingress phase, and accurately predicts the relaxation of the material at longer times. The good agreement between model and experiment suggests that the proposed hygro-mechanical model and the viscoelastic constitutive model provide a good phenomenological description of the observed behaviour, presenting a platform on which descriptions of models for the conservation of urushi can be built.
Having validated the method, it is interesting to examine the development of stresses as a function of depth. In figure 13a , the evolution of the moisture concentration through the urushi film thickness over time after the RH is reduced from 75 to 30 per cent is shown. It can be seen that shortly after the change in RH, e.g. at 67 s, the change in moisture concentration is localized to the region near to the upper surface and the moisture concentration gradient near to the substrate is zero, suggesting that a gradient in stress should be expected. Indeed, from the calculated stresses at the corresponding times, as shown in figure 13b , it can be seen that at short times the hygroscopic stresses are limited to the area near to the surface. As the experiment proceeds, the moisture concentration gradient reduces and as the moisture approaches a constant as a function of depth an almost uniform longitudinal stress is reached, although it is noted that the peak stress is largest at short times.
The model also allows the effects of a slowly cycling moisture content to be predicted, which is likely to be of interest because this is often the case for museum-stored artefacts. Figure 14 shows a time-dependent RH profile that varies between 70 and 30 per cent RH and between 70 and 50 per cent RH with a period of 48 h. The model predicts a time-dependent, depth-averaged stress profile that oscillates in phase with the moisture variation, but with a decaying envelope attributable to the viscoelasticity, as shown in figure 15 . Interestingly, periods of compression can be seen after the first cycle that may cause in-film buckling after delamination. This indicates that further work should be carried out on the response of the material to transient loads and on the modes of failure in the material.
Summary and conclusions
A hygro-mechanical FE model of urushi behaviour based on a moisturedependent viscoelastic phenomenology has been developed and tested. Through careful determination of the mechanical behaviour, the constitutive properties of a thin layer of lacquer were determined and used as an input to a FE-based model of the deformation and stresses that develop in response to changes in the environmental conditions. The model was validated using experimental results that show the depth-averaged stress in a thin layer of urushi deposited on a glass substrate. The model was used to gain insights into the time-dependent and spatially varying stresses within the layer. These showed that the regions of highest stress were to found in areas of highest moisture ingress, emphasizing the need to control the environment in which urushi-coated artefacts are stored. Japanese lacquer, however, is usually made up from multiple layers of urushi and clay, which are then deposited on a wooden substrate, which is also sensitive to humidity change. Therefore, in future, a more complex model than the current analysis is needed to represent the behaviour of a full lay-up of urushi.
